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We discuss the possibility that suitable modifications of gravity could account for some amount of
the radiation we observe today, in addition to the possibility of explaining the present speed up of the
universe. We start introducing and reviewing cosmological reconstruction methods for metric f(R)
theories of gravity that can be considered as one of the straightforward modifications of Einstein’s
gravity as soon as f(R) 6= R. We then take into account two possible f(R) models which could give
rise to (dark) radiation. Constraints on the models are found by using the Planck Collaboration
2015 data within a cosmographic approach and by obtaining the matter power spectrum of those
models. The conclusion is that f(R) gravity can only contribute minimally to the (dark) radiation
to avoid departures from the observed matter power spectrum at the smallest scales (of the order
of 0.01Mpc−1), i.e., precisely those scales that exited the horizon at the radiation dominated epoch.
This result could strongly contribute to select reliable f(R) models.
PACS numbers: 04.50.Kd, 98.80.-k, 95.36.+x
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I. INTRODUCTION
Precision Cosmology is giving new perspectives in setting and defining self-consistent cosmological models whose
reliability is based on a good deal of high quality data [1–6]. In fact, considering the today state of art, several
cosmological models are capable of grossly reproducing the cosmic expansion history since their bounds match cosmic
data in a wide range of redshift [7, 8]. This situation started at the end of last century. Before, cosmologists assumed
that the cosmic energy budget was given essentially by pressureless matter density (dust) sourcing a decelerated
Hubble flow. After 1998, observations pointed out that such a Hubble flow is undergoing an accelerated expansion. In
other words, it was evident that observational results could not be interpreted only adopting baryons and dark matter
as sources in the Einstein-Friedmann cosmological equations. As a consequence, the Cosmological Standard Model
had to be modified, including, at least, the cosmological constant Λ, within the energy momentum tensor [9, 10]. In
this sense, Λ represented the first straightforward explanation of the current observed acceleration [11–14].
However, the puzzle was and is to interpret the physical nature of the cosmological constant. Several hypotheses
came out but, up to now, none is fully satisfactory. For example, Λ can be related to the non-zero gravitational
vacuum energy and can be framed in the context of quantum field theory in curved spacetime [15, 16]. Despite of this
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2fundamental physics explanation, theoretical predictions and cosmological observations show a difference of a huge
amount of orders of magnitude, leading to the dramatic cosmological constant problem that escapes any standard
physics explanation [17]. Besides, comparing today the densities of matter and Λ, the result is extremely close to
each other in order of magnitudes (ΩM ∼ 0.25÷ 0.3 and ΩΛ ∼ 0.7÷ 0.75), leading to an extremely fine-tuning called
coincidence problem [18]. It consists with the fact that there is no reasons to expect that matter and Λ densities have
to be comparable at present time: standard matter evolves as the universe expands, while Λ should be constant at
all stages of the evolution. In other words, the difference between the two fluids should be huge today despite the
observations coming from Precision Cosmology. Alternatively, one can suppose that the fluid sourcing the cosmic
acceleration could not have a constant density with the same order of magnitude along the whole cosmic expansion
[19–34].
In turn, any standard fluid lying in the Zeldovich interval (0 ≤ w ≤ 1) cannot work since, as soon as it is inserted
into the cosmological equations, gives rise to a decelerated behavior. This means that we have to resort to exotic
fluids. However, up to now, we have no final experimental evidence for the existence of these fluids at fundamental
level. In general, such a dynamics is addressed under the standard of dark energy [35–37]. Furthermore, comparing
both late and early cosmic phases of the evolution led to the question to search for suitable scalar fields, capable of
describing de-Sitter-like behaviors. In principle, such an approach would be useful to relate early inflation and today
observed acceleration into a single description [38–42].
A natural way to address the problem is in terms of curvature invariants and geometric corrections [43–54]. The
approach is based on results at ultraviolet scales, where additional curvature and non-local terms emerge into the
Hilbert-Einstein Lagrangian as a consequence of the formulation of quantum field theory in curved spacetime [15, 16,
55]. In other words, scalar fields can be derived from geometry providing viable interpretations of dark energy and
inflation as geometric effects at large scales (infrared) and small scales (ultraviolet), respectively [43, 56–68].
This geometric view is an extension of General Relativity (GR) aimed to cure shortcomings at low and high energy
scales [69–71], without introducing dark components [61]. In general, dynamics should be sketched as follows. The
universe starts at very high curvature regimes, then the curvature decreases and GR is restored at intermediate
scales. Finally, infra-red corrections start to work at very large scales. Saying it differently, the huge initial curvature
gives rise to acceleration (inflation), the decreasing of curvature allows deceleration (matter dominated era) and then,
further decreasing, allows the growth of sub-dominant terms and the transition from deceleration to acceleration.
This phenomenology fixes the critical points of the cosmic evolution and could give rise to structure formation [72].
In summary, the early-time and the late-time cosmic speed-up could be related to the fact that curvature corrections
provide significative consequences at large and small energy regimes [73–81].
In other words, one may recover a dynamical effective Λ, taking care of the cosmological constant problem and
assuming it as a limiting case of a general dynamics governed by curvature terms [82, 83]. In this picture, the dark
energy is today mimicked by Λ that appears only as a zero-order term of more general Extended Theories of Gravity
[61], as, for example, f(R) gravity. This is clear if one assumes the effective gravitational action coming from some
fundamental theory. In fact, we do not need to add any cosmological constant by hand but we need to reproduce it in
some low-energy limit or symmetric (vacuum) configuration. For example, Λ can be derived from f(R) gravity where
the cosmological constant appears as a sort of eigenvalue [84]. A smoking gun for this approach seems to be given by
the primordial perturbation spectrum as discussed in [50, 85–89].
Despite of these interesting features, theories with higher-order curvature terms show some defects and shortcomings
that have to be fixed [60, 90–94]. In any case, modified gravities constitute a useful approach able to comply
observational data with cosmic phenomenology [59, 88, 93, 95–108]. Furthermore, modified gravities can provide also
self-consistent explanations for dark matter [109–111]. In this sense, the whole dark sector could be encompassed in
a comprehensive geometric picture.
From a more formal point of view, modified gravity theories can be formulated with different approaches, e.g. metric,
Palatini and purely affine. The differences depend, essentially, on the fact that the causal and geodesic structures
coincide (adopting the Levi-Civita connection) or do not coincide (as in the Palatini formalism which results in a
bi-metric theory [112–115]). Furthermore, such theories can be formulated in a purely affine fashion considering only
connection as a fundamental variable [116].
In this paper, we will focus on f(R) metric theories of gravity being the straightforward extension of GR that
provides a ground for the inflationary and the late-time acceleration [58, 60, 61, 117–120]. In particular, we shall
investigate the possibility that f(R) models, beside dark energy, could contribute as well to some amount of the
cosmic radiation giving rise to a sort of dark radiation. This feature could be relevant in order to find out a signature
for higher-order gravity.
The concept of a dark radiation, an unknown relativistic component that only interacts gravitationally with normal
matter, was introduced to indicate the excess of radiation in cosmological observation and that cannot be explained by
photons or the three families of neutrinos from the Standard Model [121]. This excess of radiation is parametrized as
extra relativistic degrees of freedom, leading to a deviation from the Standard Model prediction of Neff = 3.046 [122].
3Historically, the sterile neutrino models were initially employed to explain the nature of dark radiation, [123, 124].
However inconsistencies with observations led to the introduction of different candidates to explain such a component,
such as dark electromagnetism mediated by a dark photon [125], thermal axions from Quantum Chromodynamics [123],
or even the result of dark matter particles decay [126, 127]. Although the recent Planck Collaboration results give a
value of Neff very much consistent with the predictions of the Standard Model, an excess of radiation is still allowed.
In particular, seems to be consistent with a higher value of the current Hubble parameter [121].
The paper is organized as follows. In Sec. II, we introduce cosmological reconstruction methods for f(R) theories
and apply them to some models. In Sec. III, we present two homogeneous and isotropic models, where an f(R)
description interpolates between two cosmological behaviours corresponding to a radiation dominated phase and a
cosmological constant phase. In the first model the radiation is completely dark, while in the second one it is only
partially dark. In Sec. IV, we review the cosmographic approach for f(R) gravity and write down the relations between
the cosmographic and the cosmological parameters for the models introduced in Sec. III. In Sec. V, we review the
first order perturbations theory of f(R) and write down the formulas for the evolution of the perturbed quantities.
Then, the matter power spectrum is obtained for the models introduced in Sec. III without imposing any sort of
approximation on the perturbed equations, i.e. a full numerical integration is carried out. Discussion and conclusions
are drawn in Sec. VI. The main result of the paper is that f(R) gravity minimally contributes to the cosmic radiation
background.
II. A RECONSTRUCTION METHOD FOR f(R) GRAVITY STARTING FROM THE EQUATION OF
STATE
We start constructing a metric f(R) model such that for a homogeneous and isotropic universe, the cosmological
expansion is equivalent to that of a relativistic model filled by a fluid with an equation of state p = p(ρ) (see Refs. [56–
62] for reviews on f(R)-gravity and [43, 60, 64–68] for earlier works on reconstruction methods in f(R) gravity). We
will refer to two cosmological expansions as equivalent if the geometrical quantities in both expansions are the same,
i.e. H , H˙ , R and R˙ are equal.
In general, the cosmological expansion of a relativistic universe is described by the Friedmann and the Raychaudhuri
equations
H2 =
1
3
ρ, (2.1)
H˙ = −1
2
(p+ ρ), (2.2)
where we have set κ24 = 8piG = 1, G is the gravitational constant, and a dot stands for a derivative with respect to
the cosmic time. Therefore, the scalar curvature in terms of the matter content reads
R = 12H2 + 6H˙
= ρ− 3p. (2.3)
On the one hand, using the conservation and Friedmann equations we obtain
ρ˙ = −
√
3ρ(p+ ρ), p˙ = −
√
3ρ(p+ ρ)
dp
dρ
, (2.4)
where we have assumed p = p(ρ). The last two equations, (2.3) and (2.4), imply
R˙ = −
√
3ρ(p+ ρ)
(
1− 3dp
dρ
)
. (2.5)
On the other hand, in the f(R) metric scenario, the gravitational action reads
S = 1
2
∫ √−gd4x f(R). (2.6)
As mentioned before, we consider κ24 = 1. The f(R) action (2.6) leads to the modified Friedmann equation, which in
the Jordan frame, reads
3H2
df
dR
=
1
2
(
R
df
dR
− f
)
− 3HR˙ d
2f
dR2
+ ρm. (2.7)
4A relativistic model which satisfies Eqs. (2.1)-(2.5) can be described through an f(R) expansion as long as there is
an f(R) solution to
3ρ(ρ+ p)
(
1− 3dp
dρ
)
d2f
dR2
− 1
2
(ρ+ 3p)
df
dR
− 1
2
f = 0. (2.8)
The previous equation is obtained from Eq. (2.7), with ρm = 0, and assuming that the relativistic and the f(R)
cosmological expansions are equivalent. Now, as we are assuming that the pressure is determined by the energy
density ρ, we can conclude that the scalar curvature is exclusively determined by ρ. A similar argument applies to
f(R) which it is exclusively determined by ρ. It is therefore helpful to rewrite Eq. (2.8) as
3ρ(ρ+ p) (1− 3p′) f ′′ +
[
9ρ(p+ ρ)p′′ − 1
2
(ρ+ 3p)(1− 3p′)
]
f ′ − 1
2
(1− 3p′)2 f = 0, (2.9)
where a prime stands for a derivative with respect to the energy density ρ. In summary, any homogeneous and
isotropic relativistic model fuelled by a perfect fluid with energy density ρ and pressure p(ρ) can be described by an
f(R) model as long as f satisfies Eq. (2.9). This approach is more evident in the Palatini formulation where the form
of f(R) function is directly given by the matter density (see [57, 112] for details).
In this work, we use a reconstruction method for f(R) gravity where we assume an effective equation of state for
the effective energy density of f(R). Notice that this is simply a rephrasing of our previous results, as we assume that
the conservation of the energy momentum tensor holds or equivalently that the Bianchi identities are fulfilled. Once
we have p(ρ), we can define R(ρ) and solve the Friedmannn equation for f(ρ). As long as the equation can be solved
analytically, and we can invert the relation R(ρ), this method has the advantage of providing us with an expression
for f(R). However, the f(R) solutions obtained in this way can have very complicated expressions which may not be
easily interpreted in a physical sense [86, 128]. Furthermore, by assuming an equation of state of the kind p = p(ρ)
we are restricting the degrees of freedom of our gravitational theory. In general, we would have
p = p (ρ, ρ˙, ρ¨, ...) . (2.10)
Thus, when we define R(ρ), and consequently ρ(R), we are ignoring the dependence of p on ρ˙ and the other derivatives
of the density (see Eq. (2.10)). An alternative method to study the dynamics of f(R) gravity that takes into account
the dependence in Eq. (2.10) is by doing a dynamical system analysis of the Friedmannn and Raychaudhury equations
[71, 91, 129–133]. However, this kind of analysis usually requires the class of f(R) functions to be defined a priori in
order to get a closed set of equations. In summary, any of the methods mentioned above have their own advantages
and disadvantages.
A. Some examples
We apply the reconstruction procedure introduced previously to some simple but still interesting models.
1. The cosmological constant case
We start considering the simplest case where the perfect fluid satisfies a cosmological constant equation of state,
i.e. p = −ρ. Then the constraint (2.9) reads [67]
ρf ′ − 2f = 0, (2.11)
hence, f ∝ ρ2 which implies
f = C R2, C = Const. (2.12)
The behaviour p = −ρ is special in the sense that the dynamical variables (except the scale factor) are static as
R˙ = H˙ = 0. If we consider a de Sitter solution in vacuum, we find that the Friedmann equation reduces to [96, 134]
RdS
(
df
dR
)
dS
− 2f (RdS) = 0, (2.13)
where a dS subscript indicates evaluation of a quantity at the de Sitter solution. This is an algebraic equation that
dictates the possible de Sitter points for each f(R) function. The solution f = C R2 is special in the sense that it
satisfies the de Sitter condition for every R, while for other functions we only obtain a discrete set of de Sitter points.
52. The constant parameter case for the equation of state
We assume that p = wρ where w 6= 1/3 and constant. Then Eq. (2.9) reduces to
3(1 + w)ρ2f ′′ − 1
2
(1 + 3w)ρf ′ − 1
2
(1− 3w)f = 0. (2.14)
It can be shown that the solution of the previous equation is of the form f ∝ ρβ± where
β± =
1
2

1 + 1 + 3w6(1 + w) ±
√
2(1− 3w)
3(1 + w)
+
[
1 +
1 + 3w
6(1 + w)
]2
 . (2.15)
The argument on the square root in Eq. (2.15) vanishes when w = −(13± 4√6)/3, being negative inside the interval
defined by those points and positive otherwise. Thus, for w > −1, the exponents β± are always real valued. As the
scalar curvature is a linear function of the energy density, we conclude that [43, 67]
f(R) = C+R
β+ + C−R
β− , C± = const. (2.16)
Here we have fixed the dependence of p(ρ), and consequently of R(ρ), which allowed us to obtain a linear differential
equation for f(R(ρ)) (see Eq. (2.9)). We can try to pursue the opposite approach, i.e., fixing f(R(ρ)) or f(R), as
given for example in Eq. (2.16), and look for the appropriate equation of state p = wρ. More precisely, by plugging
a given f(R(ρ)) or f(R) into Eq. (2.8), we would obtain a first order non-linear differential equation for p(ρ). When
following this approach for f(R) given in Eq. (2.16), we obtain that p = wρ is a solution of the non linear differential
equation fulfilled by p(ρ) but there is a further solution which for briefness we have omitted.
We now focus our attention on the case p = wρ with w = 1/3. In Eq. (2.9) the term p′′ vanishes for a constant w.
If we divide the equation by (1 − 3p′), and then set p′ = w = 1/3 and p = ρ/3, we obtain the differential equation
4ρ2f ′′ − ρf ′ = 0. (2.17)
The general solution of this equation is the linear combination
f = C1 + C2ρ
5/4. (2.18)
These exponents correspond to the limits of Eq. (2.15) as w approaches 1/3. In this particular case R = 0. This result
is strictly related to the conformal invariance of radiation solutions. For a detailed discussion on this topic see [135].
B. A Modified Generalised Chaplygin Gas
Let us now consider an f(R) model which mimics the behaviour of a homogeneous and isotropic universe filled by
a modified generalised Chaplygin gas (mGCG) [136–149] whose equation of state reads
pch = βρch − (1 + β) A
ραch
. (2.19)
For earlier attempts of describing the GCG in f(R) gravity see Ref. [64]. The conservation of the energy momentum
tensor implies that the energy density of the mGCG scales as
ρch(a) = ρch,0
[
As + (1−As)
(a0
a
)3ξ] 11+α
. (2.20)
Here, we have defined the energy density of the mGCG at the present time, ρch,0, the factor ξ is defined as ξ ≡
(1 + β)(1 + α), and As is a dimensionless constant such that As ≡ A/ρ1+αch,0 . From now on, a subscript 0 stands for a
quantity evaluated at the present time, except if stated otherwise. We restrict our analysis to the case 0 < As < 1,
which is the simplest condition required for a mGCG to fuel a late time or an early acceleration epoch in the universe.
If we define the scale factor a∗
a∗ =
(
1−As
As
) 1
3ξ
a0, (2.21)
6and rewrite Eq. (2.20) as
ρch(a) = ρch,0A
1
1+α
s
[
1 +
(a∗
a
)3ξ] 11+α
, (2.22)
we can identify two distinct regimes of the mGCG model in Eq. (2.20). In fact, for ξ > 0, we have that
ρch ≈

ρch,0A
1
1+α
s
(a∗
a
)3(1+β)
, if a≪ a∗,
ρdS, if a≫ a∗,
(2.23)
where ρdS ≡ ρch,0A1/(1+α)s , while, for ξ < 0, we obtain the same behavior but in an inverted chronological order
ρch ≈


ρdS, if a≪ a∗,
ρch,0A
1
1+α
s
(a∗
a
)3(1+β)
, if a≫ a∗.
(2.24)
We next find the appropriate f(R) function which mimics the behavior of a mGCG for an empty universe. We
substitute Eq. (2.19) into Eq. (2.9) in order to obtain the second order linear differential equation fulfilled by f(ρ)
6ρ2(1 + β)
[
1−
(
ρdS
ρ
)1+α][
1− 3β − 3α
(
ρdS
ρ
)1+α]
f ′′
− ρ
{[
1− 3β + 3(1 + β)
(
ρdS
ρ
)1+α][
1− 3β − 3α(1 + β)
(
ρdS
ρ
)1+α]
+ 18αξ(1 + β)
(
ρdS
ρ
)1+α}
f ′
−
[
1− 3β − 3α(1 + β)
(
ρdS
ρ
)1+α]2
f = 0. (2.25)
For later calculations, it is helpful to introduce the dimensionless variable x, defined as
x =
(
ρdS
ρ
)1+α
, (2.26)
which at present is such that x0 = As. The variable x is finite and restricted to be within the interval (0, 1): x
approaches unity when the mGCG is near the de Sitter regime, and vanishes asymptotically when the energy density
of the mGCG scales as a−3(1+β). Eq. (2.25) can be rewritten in terms of the variable x as follows
d2f
dx2
+
[
6ξ + 9β + 7
6ξ
1
x
+
1
3ξ
1
x− 1 −
1
x− 1−3β3α(1+β)
]
df
dx
+
1
2(1 + α)2
[
−α+ 1− 3β
3(1 + β)
1
x
]
f
x(x− 1) = 0. (2.27)
The general solution of this equation can be expressed as a linear combination of the two solutions
f1(x) =
(3β + 5− λβ)(3ξ + 1) + 12(1 + β)
3
(x− 1)x1−
9β+7+λβ
12ξ F
[
1 +
3β + 5− λβ
12ξ
, 2− 3β + 1 + λβ
12ξ
; 2− λβ
6ξ
;x
]
+
6ξ − λβ
6
[
(9β + 11− λβ)x− (9β + 7− λβ)
]
x−
λβ+9β+7
12ξ F
[
3β + 5− λβ
12ξ
, 1− 3β + 1 + λβ
12ξ
; 1− λβ
6ξ
; x
]
,
f2(x) =
(3β + 5 + λβ)(3ξ + 1) + 12(1 + β)
3
(x− 1)x1+
λβ−9β−7
12ξ F
[
1 +
3β + 5 + λβ
12ξ
, 2− 3β + 1− λβ
12ξ
; 2 +
λβ
6ξ
;x
]
+
6ξ + λβ
6
[
(9β + 11 + λβ)x− (9β + 7 + λβ)
]
x
λβ−9β−7
12ξ F
[
3β + 5 + λβ
12ξ
, 1− 3β + 1− λβ
12ξ
; 1 +
λβ
6ξ
;x
]
. (2.28)
where F[b, c; d;x] is a hypergeometric function [150, 151] and λβ ≡
√
9β2 + 78β + 73.
7III. THE BACKGROUND f(R) MODELS
A. A model for dark radiation
We remind the goal of this work: Can a modified theory of gravity like f(R) account not only for the current
acceleration of the universe but also contribute by some amount to the (dark) radiation of the universe? As a first
step to address this question, we will use the model building introduced in the previous section. More precisely, we
will consider the solution (2.28) with β = 1/3 and 1 + α > 0, i.e. an f(R) model that interpolates between an early
radiation epoch and a late time de Sitter phase.
In this case, the differential equation that the f(R) function, mimicking a mGCG (with β = 1/3), must fulfill is
much simpler than the one given in Eq. (2.27), as it corresponds to a hypergeometric differential equation [150, 151]
x(1− x)d
2f
dx2
− 6x− 5
4(1 + α)
df
dx
+
α
2(1 + α)2
f = 0. (3.1)
This equation admits, as general solution around the point x = 0, the linear combination [150, 151] 1
f(x) =C1f1(x) + C2f2(x)
=C1F
[
1
2(1 + α)
,−1 + 1
1 + α
;
5
4(1 + α)
;x
]
+ C2x
1− 5
4(1+α)F
[
− 1
4(1 + α)
, 1− 3
4(1 + α)
; 2− 5
4(1 + α)
;x
]
. (3.2)
Additionally, we can invert the relation R(ρ), by combining Eqs. (2.3) and (2.19), and use Eq. (2.26) to write the
variable x in terms of the scalar curvature
x(R) =
(
R
RdS
)1+ 1
α
. (3.3)
Here RdS ≡ 4ρdS is the asymptotic value of the scalar curvature when the mGCG enters the de Sitter expansion.
Finally, the solution f(R) reads
f(R) =C1F
[
1
2(1 + α)
,−1 + 1
1 + α
;
5
4(1 + α)
;
(
R
RdS
)1+ 1
α
]
+ C2
(
R
RdS
)1− 14α
F
[
− 1
4(1 + α)
, 1− 3
4(1 + α)
; 2− 5
4(1 + α)
;
(
R
RdS
)1+ 1
α
]
. (3.4)
Setting β = 1/3 in the solutions (2.28) and making use of the relations between contiguous hypergeometric functions
[150, 151], we arrive at the same result of Eq. (3.4).
In Eq. (3.4), we express the general function f(R) that is compatible with the mGCG model (Eq. (2.19) with
β = 1/3). However, the linear coefficients C1 and C2 need yet to be specified in order for the function f(R) to be
physically meaningful. This will be done imposing the physical constraints that the R derivatives of the function f
must fulfill [50, 101]
1. Gravity is attractive since the Big Bang nucleosynthesis, therefore
fR(x) > 0 , ∀x. (3.5)
Here, we introduce the notation fR ≡ df/dR. From now on, R subscripts indicate derivatives with respect to
the scalar curvature.
2. The effective gravitational constant at the present time must match G, i.e. the standard gravitational constant,
therefore
fR(x0) = 1. (3.6)
1 This solution is valid in the range (0, 1) as long as 5/(4+4α) is not an integer [150, 151]. We have disregarded the case 5/(4+4α) equal
to an integer as it is extremely fine tuned.
8x = 0 x = 1 x = 0 x = 1
f1 ∀α α < −1 or − 3/4 < α f2 α < −1 or 1/4 < α α < −1 or − 3/4 < α
f1R −1 < α α < −1 f2R α < −1 α < −1
f1RR −1 < α < 1 −5/4 < α < −1 f2RR ∄α −5/4 < α < −1
TABLE I: Intervals of the parameter α for which the solutions f1 and f2 (given in Eq. (3.2)) and their first R−derivatives are
finite and well-defined.
3. The existence of stable de Sitter solutions [97, 152] imposes that:
m2eff =
fR
2 − 2f fRR
fR fRR
> 0. (3.7)
Notice that this condition is much weaker than the previous two because: (i) the early “de Sitter-like” inflationary
phase of the universe is unstable in the sense that the universe must exit it at the reheating epoch; and (ii)
while the most likely scenario for the future of our universe is a de Sitter-like phase, we cannot guarantee it for
sure as this conclusion is based on our current knowledge about the matter content of the universe and on the
supposition that it will remain so for ever.
4. The scalaron is not a tachyon [50]
fRR(x) > 0 , ∀x. (3.8)
This condition is intrinsically related to the Dolgov-Kawasaki instability which was first discovered for the model
f(R) = R− µ4/R [153] and later generalized for any f(R) function [154].
In appendix A, we give the expressions of f1R, f1RR, f2R and f2RR in terms of the variable x. Using those results,
we obtain the values of α for which the functions f1 and f2, as well as their R derivatives, are well defined at the
points x = 0 and x = 1. Our results are presented in Table I. 2
To choose the value of the linear coefficients C1 and C2, we take into account some additional physical conditions,
namely, the radiation like expansion must occur in the past, i.e. 1 + α > 0, and the scalar curvature vanishes
asymptotically during that period, i.e. α > 0. Additionally, we require that the function f and its two derivatives fR
and fRR are finite in the past. With these considerations in mind, and given the results of Table I, we set C2 = 0
(i.e., f(x) = C1f1(x)) and restrict our analysis to values of α such that 0 < α < 1. From Eqs. (A5) and (A6), we find
that f1R and f1RR are negative for all values of x ∈ [0, 1], if α > 0. Therefore, the requirements fR > 0 and fRR > 0
are automatically satisfied if we set C1 < 0. The condition fR(x0) = 1 fixes the value of C1 as
C1(α, x0) =
1
f1R(x0)
= −10ρdS x
−
1
1+α
0
F
[
1 + 12(1+α) ,
1
1+α ; 1 +
5
4(1+α) ;x0
] . (3.9)
Notice that with this definition and for 0 < α < 1, we have C1 < 0 for all values of x0, therefore, we have that fR > 0
and fRR > 0. The solution f(R) = C1f1(R) is plotted in Fig. 1. Finally, we can conclude that m
2
eff is positive for any
value of α, i.e. the late time de Sitter phase is stable.
B. Including dust-like matter
In the previous subsection we have obtained the physical f(R) function that can mimic a mGCG given in Eq. (2.20)
with β = 1/3 (0 < α < 1 and 0 < As < 1). As a next step, we consider the presence of dust-like matter, i.e. dark
and baryonic matter, so that the background evolves as
3H2 = ρm,0
(a0
a
)3
+ ρch,0
[
As + (1 −As)
(a0
a
)4(1+α)] 11+α
, (3.10)
2 We remind that the function F[b, c; d;x], defined by the hypergeometric series [150, 151], converges for any value |z| ≤ 1, whenever
b+ c− d < 0. However, for 0 ≤ b+ c− d < 1, the series does not converge at z = 1, and for 1 < b+ c− d it is divergent at |z| = 1. We
notice as well that F[b, c; d; 0] = 1.
9FIG. 1: The analytical solution f(R) (blue curve) versus the numerical solution of f(R) (red dashed curve) in the vacuum case;
i.e. the analytical solution C1f1(R) and the numerical solution of Eq. (2.7) for the effective matter content corresponding to
the mGCG with β = 1
3
(cf. Eq. (3.2)). The numerical integration has been carried out imposing that at present f(R) and
df/dR take the values corresponding to the analytical solution. These plots show clearly that our analytical solution is correct.
In this case, the values of the parameters (α,As) are α = 0.104 and As = A
(m)
s = 0.999948, as given in Table II.
where ρm,0 is the present energy density for dark and baryonic matter. In this model, the universe undergoes three
distinct epochs. During the first epoch, the universe is dominated by the mGCG which behaves as radiation with the
density parameter
Ωch(a) ≈ ρch,0
3H20
(1−As) 11+α
(a0
a
)4
. (3.11)
Afterwards, the energy density of the dust component surpasses that of the mGCG and the universe enters the matter
dominated epoch. Finally, as the expansion continues the behaviour of the mGCG switches smoothly to that of a
cosmological constant with
Ωch(a) ≈ ΩdS = ρch,0
3H20
A
1
1+α
s , (3.12)
where the matter dominated epoch ends and the universe starts to accelerate.
The parameter that defines the equation of state of the mGCG, wch, reaches zero at some point during the evolution
of the universe. If the condition wch ≈ 0 holds for long enough then the mGCG model could also account for the dark
matter content of the universe, with a relative density of
Ωchm(a) ≈ ρch,0
3H20
(
1−As
3As
) 3
4(1+α)
(4As)
1
1+α
(a0
a
)3
, for wch ≈ 0. (3.13)
In Fig. 2, we compare the evolution of the square of the dimensionless Hubble parameter, E2 = (H/H0)
2, for the
ΛCDM model with a radiation content (blue curve), the mGCG model with a baryonic and dark matter content (red
dashed curve) and the mGCG model with a baryonic content (red dot-dashed curve). Using the results of Ref. [121],
we set the values of the cosmological parameters expressed in Table II, which we use in Fig. 2 and the subsequent
figures.
We find that, during the matter era, the mGCG model with only a baryonic content deviates too much from the
ΛCDM evolution and as such is cosmologically unviable. This reflects the fact that in the mGCG model with β = 1/3,
the condition wch ≈ 0 is not satisfied for a long enough period of time for the model to account for the dark matter
content. Therefore, we have to incorporate a dark matter component as explicitly shown in Eq. (3.10).
To obtain an f(R) function that is compatible with a mGCG in the presence of dust-like matter, we can no longer
use Eq. (2.9). Instead, we use Eq. (2.7) with ρm corresponding to dark and baryonic matter to obtain a second order
differential equation for f(R(a)). In this case, while finding an analytical solution for f(R) is impossible, we can
integrate the equation numerically with proper boundary conditions (f(a0) ≈ R(a0)− 2Λ and fR(a0) = 1) to obtain
f(a). Those boundary conditions imply that the deviation from GR at the present time is not extreme. The solution
obtained is plotted in Fig. 3, where we compare it with the Einstein-Hilbert action R − 2Λ. During the late time
evolution, the f(R) function closely mimics the Einstein-Hilbert action. However, during the radiation dominated
epoch, we find that f(a) ∝ a−4, while the dominant term of the scalar curvature is that of dust like matter, i.e.
R(a) ∝ a−3. Therefore, during the radiation epoch, our solution behaves as f(R) ∝ R4/3. This model is stable until
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FIG. 2: These figures show the behaviour of the square of the dimensionless Hubble parameter E2 = (H/H0)
2 for the ΛCDM
model (blue curve), the mGCG model where a cold dark matter is present (red dashed curve) or not (red dot-dashed curve).
The top left figure shows the evolution since the radiation epoch until the present time. The top right figure, bottom left, and
bottom right figures show the evolution during the radiation epoch, the matter epoch, and the beginning of the dark energy
dominated epoch, respectively. The values of the model parameters are given in Table II.
Ωm,0 0.3065 density parameter of dark and baryonic matter
Ωb,0 0.0485 density parameter of baryonic content
ΩΛ 0.6935 density parameter of the cosmological constant
Ωr,0 Ωm,0/(1 + zeq) density parameter of radiation content
zeq 3361 redshift at matter radiation equilibrium
α 0.104 α parameter of the mGCG model
Ω
(m)
ch,0 1− Ωm,0 density parameter of the mGCG in the presence of dark and baryonic matter
Ω
(b)
ch,0 1− Ωb,0 density parameter of the mGCG in the presence of baryonic matter
A
(m)
s 1−
(
Ωr,0/Ω
(m)
ch,0
)1+α
As parameter of the mGCG model in the presence of dark and baryonic matter
A
(b)
s 1−
(
Ωr,0/Ω
(b)
ch,0
)1+α
As parameter of the mGCG model in the presence of baryonic matter
TABLE II: Values of the background parameters used in the numerical analysis.
the present time but as fRR and m
2
eff become negative in the future, see Fig. 4, it will therefore suffer from the
known Dolgov-Kawasaki instability [153, 154].
We can as well address the possibility that f(R) mimics only the dark radiation component and dark energy. In
that case, the background evolves as
3H2 = ρr,0
(a0
a
)3
+ ρm,0
(a0
a
)3
+ ρch,0
[
As + (1 −As)
(a0
a
)4(1+α)] 11+α
, (3.14)
where ρr,0 is the present energy density of true radiation, i.e. photons and neutrinos. Considering that the three
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FIG. 3: The numerical solution of f(R) (blue curve), that accounts for the matter content corresponding to the mGCG with
β = 1
3
in the presence of a dark matter and baryonic matter content, versus the action R − 2Λ (red dashed curve). The
numerical integration has been carried out imposing that at present f(R0) = R0 − 2Λ and fR(R0) = 1. The values of the
parameters are given in Table II .
FIG. 4: The evolution of: fR (left panel); fRR (middle panel); and m
2
eff (right panel); for the numerical solution in Fig. 3
(blue curves). A dashed red curve indicates the value of the quantity in GR. While fR remains positive throughout the entire
evolution, fRR and m
2
eff become negative in the future, when a > a0, which will give rise to instabilities in the future. We use
the values in Table II .
known species of neutrinos are still relativistic, the present day energy density of radiation should be [122]
Ωr,0 =
[
1 +
7
8
(
4
11
)4/3
N
(ν)
eff
]
Ωγ,0, (3.15)
where Ωγ is the relative energy density of photons and N
(ν)
eff = 3.046. Here, the small deviation from Neff = 3 comes
from the effects of non-instantaneous neutrino decoupling from the photon-baryon plasma [122]. Nevertheless, recent
results have set the best fit value of Neff = 3.15 [121]. The difference N
(dr)
eff ≡ Neff − N (ν)eff thus corresponds to a
small excess of the radiation density, which is referred to as dark radiation [123, 127, 155]. In order for the mGCG to
account for this dark radiation component, we set
Ω
(tot)
r,0 =
Ωm,0
1 + zeq
. (3.16)
Ωr,0 =

1− 78
(
4
11
)4/3
N
(dr)
eff
1 + 78
(
4
11
)4/3
Neff

Ω(tot)r,0 . (3.17)
Ωdr,0 =
7
8
(
4
11
)4/3
N
(dr)
eff
1 + 78
(
4
11
)4/3
Neff
Ω
(tot)
r,0 . (3.18)
Ωch,0 = 1− Ωr,0 − Ωm,0. (3.19)
As = 1− (Ωdr,0/Ωch,0)1+α . (3.20)
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FIG. 5: The numerical solution of f(R) (blue curve), that accounts for the matter content corresponding to the mGCG with
β = 1
3
in the presence of a dark matter and baryonic matter and with a radiation content, versus the action R−2Λ (red dashed
curve). The numerical integration has been carried out imposing that at present f(R0) = R0− 2Λ and fR(R0) = 1. The values
of the parameters are given in Table. II and Eqs. (3.16)-(3.20). The green dot-dashed line in the right plot shows the third
order expansion of f(R) around R0 obtained from the cosmographic approach, cf. Eq. (4.47).
FIG. 6: The evolution of: fR (left panel); fRR (middle panel); and m
2
eff (right panel); for the numerical solution in Fig. 5
(blue curves). A dashed red curve indicates the value of the quantity in GR. While fR remains positive throughout the entire
evolution, fRR and m
2
eff become negative in the future, when a > a0, which will give rise to instabilities in the future. The
values of the parameters are given in Table. II and Eqs. (3.16)-(3.20).
Following the previous procedure, we obtain the numerical solution for f(R). The results obtained for the function
f(R), fR, and fRR, and m
2
eff are plotted in Figs. 5 and 6 . Again, this model is stable until the present time but
as fRR and m
2
eff become negative in the future, see Fig. 6, it will therefore suffer from the known Dolgov-Kawasaki
instability [153, 154].
In the next sections, we will constrain the two models introduced above. Our constraints will be based on a
cosmographic approach and on a perturbative approach derived from the predicted matter power spectrum for each
model.
IV. THE COSMOGRAPHIC APPROACH
In this section, we review the cosmographic approach [128, 156–175] and apply it to the models introduced in the
previous section. These models describe the evolution of the universe since the BBN and are of two types: (i) an
f(R) model with a dark matter and baryonic content and where the effective f(R) energy density is described by a
mGCG with β = 1/3 and accounts for all the radiation content of the universe, i.e., we fix ρr,0 = 0 in Eq. (3.14). (ii)
a model similar to the one in (i) where the f(R) accounts only for dark radiation, i.e. Ωr,0 is given by Eq. (3.17).
One of the virtues of the observational cosmographic constraints is that, theoretically, they should be independent
of the gravitational theory used at hand (for works on the cosmographic approach in f(R) theories of gravity see
for example [128, 159, 170]). On the other hand, the cosmological expansion of the models we are studying can be
conformally mapped to an f(R) or a GR model (from a background point of view, and again within a theoretical
framework). Therefore, these models, which correspond to different theories with the same cosmological expansion,
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are compatible within the cosmological approach iff there is a set of parameters in both models (modified gravity and
GR) that gives the same cosmographic set of parameters.
One of the key issues we are tackling is the presence of radiation in the universe. We will therefore extend the
cosmographic approach, within GR and f(R), to include the contribution of radiation. Although we do not expect
the current cosmographic parameters to be modified extensively by the inclusion of radiation, the latter has been
included for consistency. It is important to stress that f(R) (as soon as f(R) 6= R) and GR differ for the number of
gravitational degrees of freedom. In order to extract the same cosmographic information, we need to know how this
further degrees of freedom behave in the Einstein frame (i.e. how f(R) gravity can be interpreted in term of GR plus
scalar fields). This kind of analysis strictly depends on the gauge invariance, the weak field limit and other issues
that have to be carefully considered. For a detailed discussion see [176]. Here we discuss the cosmographic approach
taking care of reproducing the main cosmographic parameters in term of f(R) quantities (see Ref. [128]). In this
sense, we will remain strictly in the Jordan frame.
A. Basic formulas of Cosmography
We begin by expanding the scale factor of the FLRW metric as follows [128]
a
a0
= 1 +H0(t− t0)− q0
2
H20 (t− t0)2 +
j0
3!
H30 (t− t0)3 +
s0
4!
H40 (t− t0)4 +
l0
5!
H50 (t− t0)5 +O
(
(t− t0)6
)
. (4.1)
The cosmographic parameters introduced in the previous equation can be defined as
H =
1
a
da
dt
, (4.2)
q = −1
a
d2a
dt2
H−2, (4.3)
j =
1
a
d3a
dt3
H−3, (4.4)
s =
1
a
d4a
dt4
H−4, (4.5)
l =
1
a
d5a
dt5
H−5. (4.6)
It is important to stress that we are not assuming any cosmological model but only the fact that the universe is
homogeneous and isotropic. Using the previous definitions we can write the time derivatives of the Hubble parameter
as [128]
H˙ = −H2(1 + q), (4.7)
H¨ = H3(j + 3q + 2), (4.8)
...
H = H
4 [s− 4j − 3q(q + 4)− 6] , (4.9)
....
H = H
5 [l− 5s+ 10(q + 2)j + 30(q + 2)q + 24] . (4.10)
In appendix B, we present the expression of the cosmographic parameters in a universe filled by dust-like matter,
radiation, and a generic third fluid that accounts for dark energy. As an example, we apply these results to the ΛCDM
model with a radiation component, where the equations of evolution for the universe are
3H2 = ρm + ρr + ρΛ, (4.11)
2H˙ = −ρm − 4
3
ρr. (4.12)
The expression of q0, j0, s0, and l0 as functions of Ωr,0 and Ωm,0 are
q0 = −1 + 3
2
Ωm,0 + 2Ωr,0, (4.13)
j0 = 1 + 2Ωr,0, (4.14)
s0 = 1− 9
2
Ωm,0 − (12 + 3Ωm,0 + 4Ωr,0)Ωr,0, (4.15)
l0 = 1 + 3Ωm,0 +
27
2
Ω2m,0 + (28 + 72Ωm,0 + 76Ωr,0)Ωr,0. (4.16)
14
These reduced to the expressions in [128, 164, 170] when we set Ωr,0 = 0. Let us now deduce the expressions for the
cosmographic parameters in a model where the background is given by Eq. (3.14), i.e.,
3H2 = ρm + ρr + ρch, (4.17)
2H˙ = −ρm − 4
3
ρr − 4
3
ρch
[
1−As
(
ρch,0
ρch
)1+α]
. (4.18)
In the second equation we have used Eq. (2.19) and the definition of As to write pch in terms of ρch and the mGCG
parameters α and As. The cosmographic parameters now read
q0 =− 1 + 3
2
Ωm,0 + 2Ωr,0 + 2(1−As) (1− Ωm,0 − Ωr,0) , (4.19)
j0 =1 + 2Ωr,0 + 2(1−As) (1 + 4αAs) (1− Ωm,0 − Ωr,0) , (4.20)
s0 =1− 9
2
Ωm,0 − (12 + 3Ωm,0 + 4Ωr,0) Ωr,0
− (1−As)
{
4
[
3− 8α2As + 8α(1 + α)A2s
]
+ 3(1 + 4αAs)Ωm,0 + 8(1 + 2αAs)Ωr,0
}
(1− Ωm,0 − Ωr,0)
− 4(1−As)2(1 + 4αAs) (1− Ωm,0 − Ωr,0)2 , (4.21)
l0 =1 + 3Ωm,0 +
27
2
Ω2m,0 + (28 + 72Ωm,0 + 76Ωr,0)Ωr,0
+ 4(1−As)
{
7 + 4α
(
3 + 2α+ 8α2
)
As − 8α
(
5 + 22α+ 24α2
)
A2s + 32α
(
2 + 7α+ 6α2
)
A3s
+9
[
2 + α(1− 4α)As + 4α(1 + 2α)A2s
]
Ωm,0
+2
[
19 + 2α(5− 12α)As + 24α(1 + 2α)A2s
]
Ωr,0
}
(1− Ωm,0 − Ωr,0)
+ 4(1−As)2
[
19 + 4α(5− 12α)As + 16α(3 + 7α)A2s
]
(1− Ωm,0 − Ωr,0)2 . (4.22)
Notice that for As = 1, the mGCG behaves as a cosmological constant and we recover the results of ΛCDM. For
As = 0, the mGCG behaves as pure radiation. Therefore, we recover the results in Eq. (4.13), where the total energy
density of radiation is Ωtotr,0 = Ωr,0 + (1− Ωm,0 − Ωr,0) = 1 − Ωm,0. These formulas apply to both of the models
introduced in Sec. III, where we set Ωr,0 = 0 for the model where the mGCG accounts for all the radiation content of
the universe.
B. Cosmography within f(R) gravity
The cosmographic approach can be straightforwardly adapted to f(R) gravity as soon as the cosmographic param-
eters are recast in terms of f(R) derivatives. We begin by writing the scalar curvature and its time derivatives in
terms of the cosmographic parameters [128, 159, 170]. We obtain
R = 6H2(1 − q), (4.23)
R˙ = 6H3(j − q − 2), (4.24)
R¨ = 6H4(s+ q2 + 8q + 6), (4.25)
...
R = 6H
5 [l − s− 2(q + 4)j − 6(3q + 8)q − 24] . (4.26)
Using the modified Friedmannn and Raychaudhury equations, we obtain expressions for f and fRRR in terms of
the matter energy density, ρ, and the derivatives fR and fRR [128, 159]
f = 2ρ+ (R − 6H2)fR − 6HR˙fRR, (4.27)
fRRR = −
(1 + w)ρ+ 2H˙fR +
(
R¨−HR˙
)
fRR
(R˙)2
. (4.28)
Here, ρ will account for the total matter content of the universe. For the first model introduced in Sec. III B, this
corresponds to dark and baryonic matter, while in the second model introduced in Sec. III B, we consider dark and
baryonic matter plus radiation. The parameter w is defined in the standard way w = p/ρ, i.e., the quotient between
the total matter pressure and energy density.
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In order to obtain a third equation, we differentiate the Raychaudhuri equation once with respect to the cosmic
time and obtain
H¨ =
1 + w
2
[
3
(
1 + c2s
)
H + R˙
fRR
fR
]
ρ
fR
− 1
2
(...
R −HR¨− H˙R˙
) fRR
fR
+
1
2
[
R¨R˙−H(R˙)2
](fRR
fR
)2
− 1
2
[
3R¨R˙−H(R˙)2
] fRRR
fR
+
(R˙)3
2
fRRRfRR
(fR)2
− (R˙)
3
2
fRRRR
fR
. (4.29)
The squared speed of sound is defined as c2s ≡ dp/dρ. Since at the present time the deviation from GR should be
small, we can safely approximate the function f(R) by its Taylor expansion around R0 up to third order, i.e.
f(R) ≈ f(R0) + fR(R0)(R−R0) + fRR(R0)
2
(R−R0)2 + fRRR(R0)
6
(R−R0)3 +O(R−R0)4. (4.30)
With this assumption in mind, we can ignore the term in the fourth derivative fRRRR in Eq. (4.29). After using
Eq. (4.28) to eliminate fRRR in Eq. (4.29), and sorting the terms by equal power in fRR, we can rewrite Eq. (4.29) as[(
3R¨−HR˙
)(
R¨−HR˙
)
−
(...
RR˙+ H˙(R˙)
2 −HR˙R¨
)] fRR
fR
+
[
3R¨+ (1 + w)
(
2 + 3c2s
)
HR˙
] ρ
fR
+ 6R¨H˙ − 2HH˙R˙− 2H¨R˙ = 0. (4.31)
Thus we now have a linear equation in fRR, which, after a simple manipulation gives [128]
fRR =
[
3R¨+ (1 + w)
(
2 + 3c2s
)
HR˙
]
ρ+
(
6R¨H˙ − 2HH˙R˙ − 2H¨R˙
)
fR
...
RR˙+ H˙(R˙)2 −HR˙R¨−
(
3R¨−HR˙
)(
R¨−HR˙
) . (4.32)
We can express the current value of f , fRR and fRRR in terms of the cosmographic parameters by substituting
Eqs. (4.7)-(4.10) and (4.23)-(4.26) in Eqs. (4.27), (4.28) and (4.32). If we consider that the universe is filled by dust
like matter, ρm, and radiation, ρr, then the expressions obtained are
f(R0)
6H20
= −A0Ωm + B0 + C0ΩrD , (4.33)
fRR(R0)
(6H20 )
−1
= −A2Ωm + B2 + C2ΩrD , (4.34)
fRRR(R0)
(6H20 )
−2
= −A3Ωm + B3 + C3Ωr
(j0 − q0 − 2)D , (4.35)
where the coefficients Ai, Bi and D are defined as
A0 =(j0 − q0 − 2) l0 −
[
3s0 + 7j0 + 6q
2
0 + 41q0 + 22
]
s0
− [(3q0 + 16)j0 + 20q20 + 64q0 + 12] j0 − 3q40 − 25q30 − 96q20 − 72q0 − 20, (4.36)
B0 =−
(
q0j0 − q20 − 2q0
)
l0 +
[
3q0s0 + (4q0 + 6)j0 + 6q
3
0 + 44q
2
0 + 22q0 − 12
]
s0
+
[
2j20 + (3q
2
0 + 10q0 − 6)j0 + 17q30 + 52q20 + 54q0 + 36
]
j0 + 3q
5
0 + 28q
4
0
+ 118q30 + 72q
2
0 − 76q0 − 64, (4.37)
C0 =(j0 − q0 − 2) l0 −
[
3s0 + 10j0 + 6q
2
0 + 38q0 + 16
]
s0
− [(3q0 + 22) j0 + 23q20 + 76q0 + 6] j0 − 3q40 − 22q30 − 72q20 − 30q0 − 8, (4.38)
A2 =3
[
3s0 + 2j0 + 3q
2
0 + 22q0 + 14
]
, (4.39)
B2 =− 2
[
3(1 + q0)s0 + (j0 + q0 − 1)j0 + 3q30 + 25q20 + 37q0 + 16
]
, (4.40)
C2 =12
[
s0 + j0 + q
2
0 + 7q0 + 4
]
, (4.41)
A3 =− 3
[
l0 + s0 − (3q0 + 12)j0 − 15q20 − 26q0 − 4
]
, (4.42)
B3 =2
[
(1 + q0)l0 + (j0 + q0)s0 − (j0 + 2q20 + 6q0 + 3)j0 − 15q30 − 42q20 − 39q0 − 12
]
, (4.43)
C3 =− 4
[
l0 + 2s0 + (3q0 + 13) j0 + 14q
2
0 + 17q0 − 4
]
, (4.44)
D =− (j0 − q0 − 2) l0 +
[
3s0 − 2j0 + 6q20 + 50q0 + 40
]
s0
+
[
(3q0 + 10)j0 + 11q
2
0 + 4q0 − 18
]
j0 + 3q
4
0 + 34q
3
0 + 180q
2
0 + 246q0 + 104. (4.45)
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Notice that here we assume that fR(R0) = 1 and use Eq. (4.32) to eliminate fRR in Eqs. (4.27) and (4.28). In
addition, the 0 subscript in the coefficients A, B, and C, stands not for evaluation at the present time, but to the
order of the f(R) derivative to which they correspond (c.f. Eqs. (4.33)-(4.35)). The expression obtained for Ai and
Bi are the same as the ones obtained in [128, 159].
Let us say a few more words on how we can constrain our model. There are several options:
1. We fit the two models introduced on the previous subsection using for example data from SNeIa, BAO and
CMB. Once the cosmological parameters are fitted, we can obtain the corresponding cosmographic parameters
given in Eqs. (4.19)-(4.22). Then by using the expressions (4.33)-(4.45) we fully determine our model at present
and on the near past.
2. We get the cosmographic parameters by using data for example from SNeIa, BAO and CMB. Then by invert-
ing the relations (4.19)-(4.22), we would obtain Ωm,0, As and α. Finally, by plugging those values and the
cosmographic parameters in Eqs. (4.33)-(4.45), the f(R) model would be fully determined.
3. To get an order of magnitude of the parameters of our model, we can assume that at present our model mimics
pretty much ΛCDM, therefore, Ωm,0 ∼ 0.3065; i.e. cf. latest Planck results [121], As ∼ 1 and α ∼ 0, therefore,
q0, j0, s0, and l0 can be determined using Eqs. (4.19)-(4.22) and again by using the expressions (4.33)-(4.45),
we fully determine our model at present and on the near past.
In the previous three approaches we can assume Ω
(tot)
r,0 , Ωr,0 and Ωdr,0 to be fixed, see eqs. (3.16), (3.17), and (3.18),
by the values of Ωm,0, zeq, and Neff from the Planck Collaboration 2015 [121]. For our purpose, we use the third
approach while considering the values of cosmographic parameters deduced from the data reported by the Planck
Collaboration 2015 [121], which can be considered as the best cosmological data available up to now. We then obtain
q0 = −0.54007, j0 = 1.0002, s0 = −0.38042, l0 = 3.1922, (4.46)
and
f(R0)
6H20
= 0.57451,
fRR(R0)
(6H20 )
−1
= 1.4962× 10−16, fRRR(R0)
(6H20 )
−2
= 1.3017× 10−4. (4.47)
The values here obtained via the cosmographic approach are consistent with the numerical solution for f(R) obtained
in the previous section in the presence of dust and radiation, with the third order Taylor expansion of f(R) around
R0 providing a very good approximation for the numerical solution at present, cf. Fig. 5. Our further considerations
will be based on this assumption.
V. THE CLUMPY UNIVERSE
We next analyze the evolution of the scalar perturbations for our models, since the radiation epoch until the
present time, and compare it with the evolution of perturbations in the concordance model, i.e., the ΛCDM model.
In particular, we will look for the effects of the f(R) modifications in the matter power spectrum as measured today.
While cosmography is one of the many approaches to test the background/smooth universe, the matter power
spectrum is a tool to test the clumpy universe, which we will use to analyze the models introduced in Sec. III.
The matter power spectrum provides information about the process of clustering of matter in the universe at all
scales, i.e., from those corresponding to the early radiation dominated epoch/late reheating, to those currently exiting
the horizon, which have recently reentered the horizon. In addition, it is a magnificent tool to break the possible
degeneracy between GR and some modified theories of gravity at the background level. In summary, the matter power
spectrum is a powerful tool to test cosmological models, and modified theories of gravity in particular. In order to
obtain the matter power spectrum we need the evolution of the scalar perturbations, which we next start reviewing
within an f(R) setup. Coupling scalar perturbations with cosmography can be, in principle, an efficient tool to trace
back the cosmic history.
A. Scalar Perturbations
The scalar part of the perturbed FLRW metric can be written in a gauge invariant way (which coincides with the
Newtonian gauge) as [177–182]
ds2 = a2
[− (1 + 2Φ)dη2 + (1− 2Ψ) δijdxidxj] , (5.1)
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where Φ
(
η, xi
)
and Ψ
(
η, xi
)
are the gauge invariant Bardeen potentials [183]. At first order in perturbations, we can
write the energy-momentum tensor as [177–182]
T 00 = −(ρ+ δρ),
T 0i = −(ρ+ p)vi,
T ij = (p+ δp)δ
i
j , (5.2)
where δρ is the energy density perturbation, δp is the pressure perturbation and v is the peculiar velocity. Here, we
do not take into account the effects of the anisotropic stress.
In a metric f(R) theory, the (ij) component of the perturbed Einstein equations relates the potentials Φ and Ψ
with the perturbation of fR [98, 184–186]
(Ψ− Φ) fR = δfR = fRRδR. (5.3)
Thus the equality between the two potentials that we see in GR is in general no longer true in an f(R) theory and
just as fR can be interpreted as a new degree of freedom in the background evolution, so does δfR, which acts as a
new degree of freedom at the perturbative level. At this point we introduce the new set of variables Ψ+ and Ξ,
Ψ+ ≡ Φ+Ψ
2
, Ξ ≡ δfR
fR
= Ψ− Φ. (5.4)
Notice that Ψ+ corresponds to the variable Φ+ in Ref. [185], while Ξ corresponds to the variable χ of the same
reference divided by fR. We choose the variable Ξ instead of χ, because this choice directly reflects the difference
between the two potentials and allows for a better control of the numerical integrations, even when the theory could
deviate considerably from GR (fR ≫ 1). Using these variables, we can write the (00) and (i0) components of the
perturbed Einstein equations as [98, 185, 186][
1 +
1
2
(fR)N
fR
] (
Ψ+
)
N
+
[
1 +
(fR)N
fR
+
k2
3H2
]
Ψ+ +
1
4
(fR)N
fR
(Ξ)N −
1
2
[
1−HN + 2(fR)N
fR
]
Ξ = − a
2κ2
6H2fR δρ, (5.5)
(
Ψ+
)
N
+
[
1 +
1
2
(fR)N
fR
]
Ψ+ − 3
4
(fR)N
fR
Ξ = −a
2κ2 (ρ+ p)
2fR
v
H . (5.6)
Here, an N -subscript indicates a derivative with respect to N ≡ log(a). The previous two equations can be combined
to obtain the evolution equations for Ψ+ and Ξ
(
Ψ+
)
N
= −Ψ+ − 1
4
(fR)N
fR
(
2Ψ+ − 3Ξ)− a2κ2(ρ+ p)
2fR
v
H , (5.7)
(Ξ)N = Ξ +
a2κ2(ρ+ p)
fR
v
H +
1
2
(fR)N
fR
(
2Ψ+ − 3Ξ)− 2
3H2
fR
(fR)N
[
2k2Ψ+ +
a2κ2
fR
(δρ− 3H(ρ+ p)v)
]
+
2
H
fR
(fR)N
(H−HN ) Ξ. (5.8)
Eqs. (5.7) and (5.8) are equivalent to the ones obtained in Ref. [185]. Notice, however, that we have used the evolution
equation for Ψ+ (5.7) to eliminate the dependence of (Ξ)N on (Ψ
+)N in Eq. (5.8).
Having obtained the evolution equation for the metric perturbations, we now require differential equations that
dictate the evolution of the perturbed matter quantities, namely δρ and v. For a collection of I perfect fluids, each
with an energy-momentum tensor of the type (5.2), we can define the total, δ, and individual, δ(i), relative density
perturbation, respectively, as
δ =
I∑
i=1
ρ(i)
ρ
δ(i), δ(i) ≡ δρ
(i)
ρ(i)
, (5.9)
while the total and individual peculiar velocities are related by
v =
I∑
i=1
ρ(i) + p(i)
ρ+ p
v(i). (5.10)
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By perturbing the conservation equations of the energy momentum tensor, we find that, for adiabatic and non-
interacting fluids, each pair δ(i) and v(i) satisfies [177–182]
(
δ(i)
)
N
+ 3
(
c(i)2s − w(i)
)
− (1 + w(i))k2 v
(i)
H = 3(1 + w
(i))
(
Ψ+ +
1
2
Ξ
)
N
, (5.11)
(
v(i)
)
N
+
(
1− 3c(i)2s
)
v(i) +
c
(i)2
s
1 + w(i)
δ(i)
H = −
1
H
(
Ψ+ − 1
2
Ξ
)
. (5.12)
Here, w(i) ≡ p(i)/ρ(i) and c(i)2s ≡ p(i)N /ρ(i)N are, respectively, the state parameter and the squared speed of sound of the
(i)-fluid.
Eqs. (5.7), (5.8), (5.11), and (5.12) form a closed set of equations that allow us to evolve the perturbation variables
since the early radiation epoch until the present time. Once the present day value of the perturbation variables is
computed, they can be related with observable quantities.
B. Matter Power Spectrum
The perturbative analysis carried on the previous subsection will allows us to see how the f(R) corrections affect
the matter power spectrum of dark matter Pδm [119, 120]. Notice however that the correct definition of Pδm uses the
energy density perturbation δm in the comoving gauge (for a discussion of this topic see e.g. Refs. [187, 188]), while
the variables used here correspond to the Newtonian gauge. In order to account for this gauge difference, we calculate
the matter power spectrum as
Pδm ≡ 〈|δ(com)m |2〉 = 〈|δm − 3Hvm|2〉. (5.13)
We will first analyze a model corresponding to a universe filled with dust-like matter and where the effective energy
density of f(R) mimics a mGCG, whose energy density is given in Eq. (2.20) with β = 1/3. Therefore, the f(R)
model accounts for all the radiation content of the universe and drives its late time acceleration. In Fig. 7, we present
the results obtained for the evolution of the perturbation variables Ψ+, Ξ, and δm, for different wave-numbers. The
initial conditions
Ψ+(Nini) = 1,
(
Ψ+
)
N
(Nini) = 0, Ξ(Nini) = 0, (Ξ)N (Nini) = 0, (5.14)
were chosen so as to match the initial conditions in the ΛCDM model with a radiation component with standard
single field inflationary conditions, i.e., the field Ψ+ is initially constant and the modes are well outside of the horizon.
During the radiation dominated epoch, the f(R) corrections increase the value of the metric perturbations by several
orders of magnitude, in stark contrast with what happens in GR. Furthermore, from Eqs. (5.5) and (5.14), we find
that the initial value of the density perturbation δ is related to Ψ+(Nini) as
δm(Nini) = −6H
2fR
a2κ2ρ
[
1 +
(fR)N
fR
+
k2
3H2
]
Ψ+(Nini). (5.15)
In our model, we find that initially (fR)N/fR ≪ 1, furthermore, given that initially all the relevant modes are outside
of the horizon, we have that k2/(3H2) ≪ 1. Therefore, the relation between δ and Ψ+ is dictated by the factor
6H2fR/a2κ2ρ. In GR, the Friedmann equation tells us that 3H2 = a2κ2ρ (fR = 1) and the matter and metric
perturbations have the same order of magnitude. However, in f(R) gravity, if the matter energy density is initially
sub-dominant with regards to the f(R) effective energy density, the factor on the right-hand-side (rhs) of Eq. (5.15)
can become large, and so does δ. Before proceeding further, we would like to highlight the following. Applying the
GR limit to Eq. (5.15) gives δm = −2Ψ+. In fact, this relation refers to the total matter energy density perturbation
δ. For a GR model, aside from matter, we have as well radiation, therefore we need two initial conditions for δm and
δr. Those are obtained by imposing the adiabaticity of the initial conditions, i.e. [179, 181]
δm
1 + wm
=
δr
1 + wr
=
δ
1 + w
, (5.16)
where wm = 0, wr = 1/3, and initially w ≈ 1/3. Therefore, in a GR model with matter and radiation and initial
adiabatic perturbations we have the initial relation between the matter and the metric perturbations
δm =
3
4
δr =
3
4
δ = −3
2
Ψ+. (5.17)
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FIG. 7: The evolution of the perturbation variables: Ψ+ (left); Ξ (middle); δm (right); since the radiation dominated epoch
until the present time for different values of k: k = 2× 10−4 Mpc−1 (red); k = 2× 10−2 Mpc−1 (green); k = 2 Mpc−1 (blue).
The evolution of the same variables in the ΛCDM model is plotted in dashed lines. On the left panel, the value of Ψ+ in the
ΛCDM model is much smaller than in the f(R) model, as such the dashed lines appear almost superimposed with Ψ+ = 0.
Since the perturbation Ξ vanishes in GR, the dashed lines do not appear on the middle panel. On the right panel, the value of
the matter perturbation in GR is several orders of magnitude smaller that the one in the f(R) model, as such in GR only the
modes with higher comoving wave number grow enough to appear on the plot. The f(R) effective energy density accounts for
all the radiation content of the universe (the first model introduced in Sec. III B).
The presence of radiation and the adiabaticity of the initial perturbations thus corrects the GR limit of Eq. (5.15) by
a factor of 3/4.
In our model the initial value of δm is several orders of magnitude higher than the one in GR, as can be seen on the
plot on the right in Fig. 7. As a result, the matter power spectrum obtained is very different from the one of the ΛCDM
model, as is shown on the left plot of Fig. 8. Besides the overall increase in the amplitude of the spectrum, we find
that the f(R) effects change the shape of the spectrum on the high k regime of the spectrum (k ≥ keq ≈ 0.01 Mpc−1).
This is consist with the scale-dependent effects of f(R), whose effects on the matter perturbations are stronger for
higher k [185, 186]. On the panel on the rhs of Fig. 8, we show the matter power spectrum obtained by fine-tuning
the initial conditions in order to minimize the deviations from the spectrum of the ΛCDM model. While we are able
to obtain a relatively good fit on the low k end of the spectrum, the same was not possible for higher k modes. The
deviations from the GR results start to become visible for k ≥ keq ≈ 0.01 Mpc−1. These results were obtained by
letting the initial conditions (5.14) as free parameters and picking those that minimize the difference between the
matter power spectra of ΛCDM and our model.
We next analyse the second model introduced in Sec. III B, where now the f(R) effective energy density again
mimics a mGCG, of the type of Eq. (2.20) with β = 1/3, even though it only accounts for a possible dark radiation
content of the universe, as well as dark energy. As before we evolve the perturbation variables since the early radiation
dominated epoch until the present time, using the initial conditions
Ψ+(Nini) = 1,
(
Ψ+
)
N
(Nini) = 0, Ξ(Nini) = 0, (Ξ)N (Nini) = 0. (5.18)
In addition, we consider initial adiabatic conditions for the matter components, so that
δm(Nini) =
δr(Nini)
1 + wr
, vm(Nini) = vr(Nini), (5.19)
as it is commonly used in GR [179, 181]. Notice that now the total matter perturbation δ, and not δm, is given by
Eq. (5.15). If we now apply the GR limit to the equation, taking into account the adiabaticity condition, we obtain
the same result as in GR δm = −(3/2)Ψ+. We find that when we consider radiation, due to the photons and the
neutrinos components, the deviations of the function f(R) from the Einstein-Hilbert action become much smaller,
and, as a consequence, the evolution of the perturbation variables resembles more closely that of the ΛCDM model.
In particular, for small comoving wave-numbers, k, the effects of the f(R) gravity are negligible. This can be seen in
Fig. 9, where we present the evolution of the perturbation variables Ψ+, Ξ, and δm, for different values of k. On the
panel of the left-hand-side of Fig. 10, we plot the matter power spectrum obtained and compare it with the one of
the ΛCDM model. As expected, the f(R) gravity affects only the modes with higher k [185, 186], as the deviations
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FIG. 8: The matter power spectrum Pδm for the f(R) model that accounts for all the radiation content of the universe (blue)
and in the ΛCDM model (red discontinuous). On the left the matter power spectrum obtained for the initial conditions on
Eq. (5.14). On the right the matter power spectrum obtained by fine-tuning the initial conditions in order to minimize the
deviations from the result of the ΛCDM model.
FIG. 9: The evolution of the perturbation variables: Ψ+ (left); Ξ (middle); δm (right); since the radiation dominated epoch
until the present time for different values of k: k = 2× 10−4 Mpc−1 (red); k = 2× 10−2 Mpc−1 (green); k = 2 Mpc−1 (blue).
The evolution of the same variables in the ΛCDM model is plotted in dashed lines. Since the perturbation Ξ vanishes in GR,
the dashed lines do not appear on the middle panel. The f(R) effective energy density accounts for the dark radiation content
of the universe (the second model introduced in Sec. III B).
from the ΛCDM spectrum become substantial for k > keq ≈ 0.01 Mpc−1. On the panel on the rhs of Fig. 10, we
show the matter power spectrum obtained by fine-tuning the initial conditions in order to minimize the deviations
from the spectrum of the ΛCDM model, following the same methodology as before. We find that this procedure does
not improve the results greatly, in particular it cannot resolve the difference in shape between the two power spectra
for k > keq ≈ 0.01 Mpc−1.
In this section we have evolved the first order metric and matter perturbations since the radiation dominated epoch
until the present time and obtained the theoretical power spectrum of the dark matter perturbation. The numerical
method employed was based on the integration of a set of coupled linear first order differential equations (four equation
in the case of the first model presented in Sec. III B and six equations in the case of the second model) and did not
make use of any simplification of the equations involved, in particular the quasi static approximation [186]. Our
numerical results show that the effects of the f(R) corrections on the matter perturbation are stronger on the modes
with higher wave-numbers, as is expected from the corrections to the closed evolution equation of δm, derived in [186].
More precisely, this can be seen directly on the matter power spectra obtained: on the low k end of the spectrum we
find that the shape of the spectra obtained is consistent with the one of the ΛCDM model (up to a multiplicative
factor); for modes with k > keq ≈ 0.01 Mpc−1 the shape of the spectra obtained starts to diverge from the one in
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FIG. 10: The matter power spectrum Pδm for the f(R) model that accounts for the dark radiation content of the universe
(blue) and in the ΛCDM model (red discontinuous). On the left the matter power spectrum obtained for the initial conditions
on Eq. (5.14). On the right the matter power spectrum obtained by fine-tuning the initial conditions in order to minimize the
deviations from the result of the ΛCDM model.
the ΛCDM model. Notice however that the matter power spectrum was obtained assuming that the initial amplitude
profile of the initial conditions is that of Ψ+ for single field inflation
PΨ+ = 〈|Ψ+|2〉 =
8pi2
9k3
As
(
k
k0
)ns−1
, (5.20)
which could be modified due to f(R) effects. Here, As = 2.143× 10−9 is the curvature R power spectrum at the pivot
scale k0 = 0.05 Mpc
−1 , ns = 0.9681 is the scalar spectrum index as obtained by the Planck mission [121], and we have
used the relation R = (3/2)Ψ+ during the radiation epoch and for modes outside of the horizon. Therefore, at the end
of the numerical evolution of the perturbation variables with initial conditions given by (5.14) we multiplied the results
by PΨ+1/2. As a matter of consistency, we applied the same method when searching for the set of initial conditions
that gave the least deviation from the ΛCDM matter power spectrum. However, a different early inflationary history,
in particular one originated from f(R), might give different initial profiles for the metric perturbations.
VI. DISCUSSION AND CONCLUSIONS
The observed accelerated behaviour of the Hubble flow is the big puzzle of modern cosmology. Its explanation,
under the standard of dark energy, implies to find out cosmic fluids capable of both giving rise to the today observed
accelerated expansion and of tracing back the universe history giving the possibility, at certain epoch, of structure
formation. From a fundamental physics point of view, it is extremely difficult to find out some material components
giving rise to dark energy behaviours. The same situation exists for dark matter: even if its effects are evident at
astrophysical and cosmological scales, no fundamental particle has been detected, up to now, to account for this
ingredient.
A different approach relies on the fact that GR could be extended at infra-red and ultraviolet scales enclosing further
curvature invariants into the Einstein-Hilbert action. Several unification schemes, as strings, Kaluza-Klein theories
and so on, are consistent with effective actions where higher-order curvature terms emerges as interaction terms.
In general, any approach aimed to formulate the quantum field theory on curved space-time gives rise to further
higher-order curvature terms. From this perspective, it is reasonable to investigate if such curvature corrections could
account for inflation at early epochs and dark energy at late epochs. The big issue is to join these early and late
behaviours passing through a radiation-matter dominated era where structure formation is possible.
In this paper, we discussed f(R) gravity models in order to see if such models could account also for radiation
as we observe today. In other words, we investigate the possibility that, in addition to the explanation of present
cosmic speed up, also a possible (dark) radiation component could be addressed by f(R) gravity. Our analysis has
been based on the modelling of f(R) gravity according to the matter density ρ. In particular, assuming a generalized
Chaplygin gas as the fluid fuelling the universe, it is possible to account for the accelerated behaviour (dark energy)
and a further contribution due to a sort of dark radiation. It is shown that within these models f(R) modification
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cannot account simultaneously for dark radiation and dark matter. We consider two models where, apart from the
f(R) effective density, the universe is sourced by (i) dust-like matter that accounts for baryonic and dark matter; and
(ii) dust-like matter, that accounts for baryonic and dark matter, and normal radiation that accounts for the energy
density of photons and neutrinos.
Our issue has been to constraints the models by using the Planck Collaboration 2015 data within a suitable cosmo-
graphic approach, developed for f(R) gravity, and to obtain the related matter power spectrum. We note that in the
two models we analysed, the f(R) functions obtained will give rise to future instabilities, of the Dolgov-Kawasaki type
[153, 154], as both the second derivative fRR and the effective squared mass of the scalaron, m
2
eff = fR/fRR − 2f/fR
become negative. However, our work can be seen more as a demonstration of the method we have used and devel-
oped, rather than as a definitive result. In fact the two main models analysed can be seen as toy models although
they can describe the cosmological evolution since the radiation epoch till the present time without presenting any
instabilities. The result has been that f(R) gravity can only contribute minimally to the (dark) radiation in order
to avoid departures from the observed matter power spectrum at the smallest scales. In the case of f(R) corrections
accounting for all the radiation content, Fig. 8, the matter power spectrum is several orders of magnitude higher than
the observed; in the case of f(R) corrections accounting only for the dark part of radiation, Fig. 10, which constitutes
less than 1.4% of the total radiation energy density, the matter power spectrum starts to diverge for scales of the order
0.01 Mpc−1, that is those scales that exit the horizon at the radiation dominated epoch. This fact, in our opinion,
can be seen as a reliable constraint on viable f(R) models.
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Appendix A
The following analysis of the R derivatives of the function f is done in terms of the variable x. With this in mind,
we use Eq. (3.3) to express fR and fRR in terms of fx and fxx as
fR =
dx
dR
fx =
1
4ρdS
1 + α
α
x
1
1+α fx, (A1)
fRR =
(
dx
dR
)2
fxx +
d2x
dR2
fx =
1
16ρ2dS
1 + α
α2
x
2
1+α
[
(1 + α)fxx + x
−1fx
]
, (A2)
while the derivatives fx and fxx can easily be computed from the rules [150, 151]
dn
dxn
F[b, c; d, x] =
(b)n(c)n
(d)n
2F1[b+ n, c+ n; d+ n, x], (A3)
dn
dxn
(
xd−1F[b, c; d, x]
)
= (d− n)nxd−n−1F[b, c; d− n, x]. (A4)
Here, (y)n is the Pochhammer symbol which denotes the rising factorial (y)n = y(y + 1)...(y + n− 1) [150, 151].
From the previous results, we deduce the expressions for f1R(x), f1RR(x), f2R(x) and f2RR(x)
f1R(x) =− 1
10ρdS
xλαF
[
1 +
1
2
λα, λα; 1 +
5
4
λα;x
]
, (A5)
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f1RR(x) = − 1
20αρ2dS
x2λα
{
3 + 2α
9 + 4α
F
[
2 +
1
2
λα, 1 + λα; 2 +
5
4
λα;x
]
+
1
2
x−1F
[
1 +
1
2
λα, λα; 1 +
5
4
λα;x
]}
, (A6)
f2R(x) =− 1− 4α
16αρdS
x−
1
4λαF
[
−1
4
λα, 1− 3
4
λα; 1− 5
4
λα;x
]
, (A7)
f2RR(x) = − 1− 4α
64α2ρ2dS
x
3
4λα−1
{
− 5
4
F
[
−1
4
λα, 1− 3
4
λα;−5
4
λα;x
]
+ F
[
−1
4
λα, 1− 3
4
λα; 1− 5
4
λα;x
]}
. (A8)
where λα ≡ 1/(1 + α).
Appendix B
In a universe filled with radiation, ρr, dust like matter, ρm, and a dark-energy fluid, ρde, we can write the Friedmannn
equation, in the context of GR, as
3H2 = ρm + ρr + ρde. (B1)
In addition, if we can write ρde = ρde(a) then wde ≡ pde/ρde = wde(a). Using these results, and iteratively differen-
tiating the Friedmannn equation, we can write the cosmographic parameters q0, j0, s0 l0 in terms of Ωr,0 and Ωm,0
and of the present day values of wde and its cosmic derivatives. In fact,
q0 =
1 + 3wde,0
2
− 3wde,0
2
Ωm,0 +
1− 3wde,0
2
Ωr,0, (B2)
j0 =
[
1 +
9
2
(1 + wde,0)wde,0 − 3
2
(
∂wde
∂a
)
0
]
−
[
9
2
(1 + wde,0)wde,0 − 3
2
(
∂wde
∂a
)
0
]
Ωm,0 −
[
9
2
(
wde,0 − 1
3
)(
wde,0 +
4
3
)
− 3
2
(
∂wde
∂a
)
0
]
Ωr,0, (B3)
s0 =
1
4
[
− (1 + 3wde,0) (2 + 3wde,0) (7 + 9wde,0) + 3 (11 + 21wde,0)
(
∂wde
∂a
)
0
− 6
(
∂2wde
∂a2
)
0
]
+
4
3
[
3wde,0
(
9 + 19wde,0 + 12w
2
de,0
)− (11 + 24wde,0)
(
∂wde
∂a
)
0
+ 2
(
∂2wde
∂a2
)
0
]
Ωm,0
+
8
3
[
−7 + wde,0 (2 + 3wde,0) (5 + 6wde,0)− (5 + 12wde,0)
(
∂wde
∂a
)
0
+
(
∂2wde
∂a2
)
0
]
Ωr,0
− 9
4
wde,0
[
3 (1 + wde,0)−
(
∂wde
∂a
)
0
]
Ω2m,0
− 3
4
[
18wde,0
(
wde,0 +
7
6
)(
wde,0 − 1
3
)
+ (1− 6wde,0)
(
∂wde
∂a
)
0
]
Ωr,0Ωm,0
+
3
4
(1− 3wde,0)
[
−3
(
wde,0 +
4
3
)(
wde,0 − 1
3
)
+
(
∂wde
∂a
)
0
]
Ω2r,0, (B4)
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l0 =
1
4
[
(1 + 3wde,0) (2 + 3wde,0) (5 + 6wde,0) (7 + 9wde,0)− 3
(
71 + 246wde,0 + 207w
2
de,0
)(∂wde
∂a
)
0
+63
(
∂wde
∂a
)2
0
+ (51 + 99wde,0)
(
∂2wde
∂a2
)
0
− 6
(
∂3wde
∂a3
)
0
]
− 3
4
[ (
163 + 528wde,0 + 639w
2
de,0 + 270w
3
de,0
)
wde,0 −
(
17 + 309wde,0 + 306w
2
de,0
)(∂wde
∂a
)
0
+ 24
(
∂wde
∂a
)2
0
+ (17 + 28wde,0)
(
∂2wde
∂a2
)
0
− 2
(
∂3wde
∂a3
)
0
]
Ωm,0
− 1
2
[
− (1− 3wde,0)
(
140 + 342wde,0 + 251w
2
de,0 + 135w
3
de,0
)− 9 (8 + 47wde,0 + 51w2de,0)
(
∂wde
∂a
)
0
+36
(
∂wde,0
∂a
)2
0
+ 21 (1 + 3wde,0)
(
∂2wde
∂a2
)
0
− 3
(
∂3wde
∂a3
)
0
]
Ωr,0
+
1
4
[
7 + 12wde,0 + 6w
2
de,0 − 3wde,0 (7 + 11wde)
(
∂wde
∂a
)
0
+
(
∂wde
∂a
)2
0
+ 3wde,0
(
∂2wde
∂a2
)
0
]
Ω2m,0
+
3
4
[
−3wde,0 (1− 3wde,0)
(
37 + 53wde,0 + 24w
2
de,0
)
+
(
23− 99wde,0 − 198w2de,0
)(∂wde
∂a
)
0
+6
(
∂wde
∂a
)2
0
− 3 (1− 6wde,0)
(
∂2wde
∂a2
)
0
]
Ωr,0Ωm,0
+
1
4
[
(1− 3wde,0)2
(
70 + 87wde,0 + 36w
2
de,0
)
+ 3 (1− 3wde,0) (23 + 33wde,0)
(
∂wde
∂a
)
0
+9
(
∂wde
∂a
)2
0
− 9 (1− 3wde,0)
(
∂2wde
∂a2
)
0
]
Ω2r,0. (B5)
Notice that these expressions generalize previous analysis (see for example Ref. [161]) as they are valid for any equation
of state parametrized exclusively by the scale factor and include explicitly the contribution of radiation.
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